
ISRAEL JOURNAL OF MATHEMATICS 131 (2002), 149-156 

ON A THEOREM OF BERKOVICH 

BY 

MANUEL J .  ALEJANDRE 

Centro de Investigaci6n Operativa, Universidad Miguel Herndndez 
Avda del Ferrocarril s/n, 03202 Elche, Spain 

e-mail: m.alejandre@umh.es 

AND 

A .  BALLESTER-BOLINCHES* 

Departament d ' ftlgebra, Universitat de Valencia 
Dr. Motiner 50, 46100 Burjassot, Valencia, Spain 

e-mail: Adolfo.Ballester@uv.es 

ABSTRACT 

In a recent paper, Berkovich studied how to describe the nilpotent residual 

of a group in terms of the nilpotent residuals of some of its subgroups. 

Tha t  study required the knowledge of the structure of the minimal non- 

nilpotent groups, also called Schmidt groups. The major aim of this paper 

is to show that  this description could be obtained as a consequence of a 

more complete property, giving birth to some interesting generalizations. 

This purpose naturally led us to the study of a family of subgroup-closed 

saturated formations of nilpotent type. An innovative approach to these 

classes is provided. 
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1. I n t r o d u c t i o n  a n d  bas i c  de f in i t i ons  

All groups considered in this paper  will be finite. 

In [2], Berkovich obtained some remarkable results which provide a detailed 

portrai t  of the nilpotent residual of a group in terms of the nilpotent residual of 

some of its subgroups. 

A group is said to be m i n i m a l  n o n - n i l p o t e n t  if it is not nilpotent but all 

its proper subgroups are nilpotent. These groups were studied by Schmidt. It  is 

known that  any minimal non-nilpotent group G satisfies: 

1. 7r(G) = {p, q} and G = PQ where P is a Sylow p-subgroup of G and G r = Q 

is a Sylow q-subgroup of G. 

2. P is cyclic and IP : P M Z(G)I = p. 

3. Q/Q fq Z(G) is a minimal normal subgroup of Q/Q M Z(G) 
and Q is special. 

It  is easy to check that  a group possessing these three properties is minimal 

non-nilpotent. Following Berkovich ([2]), we call a group with this structure an 

S(p, q)-group.  

Finally, a group G is said to be a B(p, q) -g roup  if G/~(G) is an S(p, q)-group 

for primes p and q. 

The main result contained in [2] is the following: 

THEOREM 1 ([2, Theorem]): Let q be a prime. Denote by G Ar and by )2q(G) 
the nilpotent and q-nilpotent residuals, respectively, of a group G. The following 
properties hold for every group G: 

1. Xq(G) = (AN: A <_ G; A e B(p, q) for p e 7r(G) \{q}) ,  

2. G X = (AN: A <_ G; A C B(p, q) for p, q E 7r(G)). 

In other words, the second part  of the theorem can be read as 

G ar = (AN: A < G; A C g~;) 

where /~H denotes the set of subgroups A of G such that  A/(b(A) is minimal 

non-nilpotent. 

The main purpose of the present paper  is to obtain a natural  generalization of 

this result to more general classes. In order to proceed to that  target, we shall 

use the following notation and terminology. 

A f o r m a t i o n  is a class ~- of groups satisfying the following two conditions: 

F1. Every homomorphic image of an C--group is an be-group. 

F2. If G/M and G/N are both if-groups, for normal subgroups M and N of 

G, then G/M n N belongs to $c as well. 
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We shall say that  a formation S- is s a t u r a t e d  if the group G belongs to S- 

provided that  the Frattini factor group G/O(G) is in S-. 

Given a subgroup-closed formation S-, a group G is said to be S--cri t ical  if 

G ~ Y but all proper subgroups of G are in J-. We shall denote the set of all 

S--critical groups by Cri ts(s-) .  I t  is clear that  a group G ¢ S- if and only if there 

exists a subgroup H of G such that  H is S--critical. 

Moreover, for S- a formation and G any finite group, there exists a minimal 

element in the set of normal subgroups N of G such that  G/N E ~'. This element 

is denoted by G J: and is called the S-- res idual  o f  G. 

Associated to any subgroup-closed formation S-, we define the class By of all 

groups G such that  G/~(G) is an S--critical group. This definition generalizes 

Berkovieh's one to an arbitrary subgroup-closed formation. 

We shall show in this paper that  Berkovich's Theorem does not hold only for 

the class of nilpotent groups. On the contrary, it can be generalized to any 

subgroup-closed saturated formation, as we show in our Theorem A. Its proof is 

not an empty exercise of generalization. We have elaborated an alternative proof 

which leads to a suceint proof of Berkovich's Theorem. 

Following this result, the interest in S--critical groups for different formations S- 

naturally arises. For several formations S-, the structure of S'-critical groups has 

been widely studied throughout the last decades. For instance, the structure of 

N-cri t ical  groups, where Af denotes the class of nilpotent groups, is well known, 

as we have mentioned before. They were described by Schmidt (see [5; III ,  5.2]). 

Doerk studied in [3] the U-critical groups~ where U is the class of supersoluble 

groups. 

More generally, some information about P-crit ical groups for an arbitrary 

saturated formation S- can be found in [4; VII, 6.18]. 

Given a set of primes 7r, we shall denote by ST the class of soluble ~-groups. 

Any function f :  P ~ {formations} is called a f o r m a t i o n  func t ion .  Given 

a formation function f ,  we define the set LF(f) as the class of all finite groups 

satisfying the following condition: 

G E L F ( f )  if for all chief factors H/I( of G and for all primes p dividing 

IH/A'I, we have A u t G ( H / K )  e f(p). 
A class of finite groups S- is called a local  f o r m a t i o n  if there exists a formation 

function f such that  S- -- LF(f). In such a case, we say that  S- is loca l ly  de f i ned  

by f .  By a theorem of Gaschfitz, Lubeseder and Sehmid [4; IV, 4.6], we know 

that  a formation of finite groups is local if and only if it is saturated. 

If f is a formation function, and we write S- = L F ( f ) ,  then f is called in te -  
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g r a t e d  if f (p)  C_ Jr for all p E P. In addition, f is called full  if f (p)  = spy(p) 

for all p E •. 

It  is well known (see [4; IV, 3.7]) that  given a local formation Jr, there exists 

precisely one full and integrated formation function F such that  ~- = L F ( F ) .  

Such formation function F is called the c a n o n i c a l  local  de f in i t i on  of Jr. 

Finally, recall that  the characteristic of a class Jr of groups is defined to be the 

set of primes p such that  the cyclic group of order p belongs to Jr. Such a set is 

often denoted by char ~-. 

The interest in describing all saturated formations Jr of finite groups such that  

every Jr-critical group is either a N-crit ical  group or a cyclic group of prime order 

arose after a question of Shemetkov in the Kourovka Notebook [6, p. 84]. 

In [1], the second author and P6rez-Ramos provided the exact description of 

the subgroup-closed saturated formations of soluble groups for which the above 

property holds. In the soluble case, the following theorem summarizes their 

results. 

THEOREM 2 ([1, Theorem 4]): Let Jr = L F ( F )  be a subgroup-closed saturated 

formation of soluble groups, where F is the canonical local definition of jr. Denote 

lr -- char Jr. The following statements are equivalent: 

1. Every soluble group in Crits(Jr)  is a Schmidt group or a cyclic group of 

prime order. 

2. For each prime p E ~r, we have that F(p) = Szc(p) n Jr, where 7r(p) = 

char F(p). 

3. For each prime p E ~r, there exists a set of primes zr(p) with p E 7r(p) such 

that .~ is 1ocally defined by the formation function f given by f(p)  = S~(p) 

i f  p E zr, and f(q) -- ~) if  q ~ 7r. 

Our generalization of Berkovich's result naturally led us to obtain a new 

characterization of the formations of soluble groups satisfying the statements 

of the above Theorem. This effort, which part ly justifies the following pages, was 

successfully completed in Theorems B and C. 

2. M a i n  r e s u l t s  

The following two elementary lemmas are necessary to prepare the discussion of 

our main theorems. 

LEMMA 1: Let 9 r be a saturated formation. I f  a group G is Jr-critical, then so 

is a / o ( a ) .  
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Proof'. Since ~" is saturated,  clearly G/q~(G) does not belong to .T. Moreover, 

recall that  every proper subgroup of G belongs to 5C and every epimorphic image 

of an 5c-group keeps lying in F .  I t  follows that  every proper subgroup of G/O(G) 

lies in 5C. Consequently, G/q~(G) is C--critical. 

LEMMA 2 (see [4; VII, 6.18]): Let J: be a formation containing the class N 

of nilpotent groups. I f  G is a Sehmidt group with q~(G) = 1, then G 7 is an 

elementary abelian normal subgroup of G. 

Proof'. We can assume that  G has a normal Sylow p-subgroup P and a cyclic 

Sylow q-subgroup Q such that  G = PQ. Clearly O(P) _< O(G) = 1 and hence P 

is an elementary abelian group. The result holds since G 7 _< G • _< P.  

We present now the extension of Theorem 1. 

THEOREM A: Let 9 c be a subgroup-closed saturated formation, and let G be any 

group. Then 

G 7 = (A J:: A <_ G;A c gT).  

Proof  Let us set T = (A~:: A E By). Clearly A J: _< G J: for every subgroup A 

of G because F is subgroup-closed and therefore T is contained in G 7. 

Consequently, we shall be done if we prove that  G 7 is contained in T. In other 

words, we must see that  G / T  belongs to F .  Assume that  G / T  ff F.  Then G / T  

has an F-crit ical subgroup, A / T  say. Choose now a minimal supplement A0 of 

T in A. Then A0 M T is contained in ~(A0). 

Since A / T  is isomorphic to Ao/Ao A T, it follows that  Ao/Ao M T is F-critical. 

It  is clear then that  the factor group (Ao/Ao M T)/O2(Ao/Ao M T) is 5C-critical as 

well by Lemma 1. 

Consequently Ao E By.  Therefore Ao y _< T, and hence Ao y _< Ao n T _< O(Ao). 

It  follows that  Ao/O(Ao) C 5C. Now since 5C is saturated, we conclude that  

Ao E .T, the final contradiction. I 

Note that  choosing F to be the formation of q-nilpotent groups for a prime q 

or the class of nilpotent groups in the above theorem, one can obtain Theorem 1 

as a natural  consequence. 

THEOREM B: Let 5C be a subgroup-closed saturated formation of soluble groups 

containing the class AI of nilpotent groups, such that every soluble group in 

Crits(hc) is a Schmidt group. 

I f  A is a group in By ,  then A X = A ~:. 
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Proo~ We shall argue by induction on ]A]. Firstly, if (I)(A) = 1, then A is an 

~'-critical group and consequently a Schmidt group. Hence there exists a normal  

abelian Sylow p-subgroup of A, P say, for some prime p. It  is not difficult to 

see tha t  in such a case P coincides with bo th  the nilpotent residual and the 

.T-residual of A. Hence we can assume tha t  (I)(A) % 1. Let N be a minimal 

normal  subgroup of A contained in (I)(A). It  is clear tha t  A / N  E 13~:. Hence, by 

induction, we have tha t  (A/N) s = (A/N) I¢. This yields A2C N = AS N. 
I f N ~ A  ~¢ = 1, then A ]¢ = A~CnAJ=N = AS(A~'NN) = A J= and we are done. 

Hence we can assume tha t  N M A ~¢ = N; tha t  is, N is contained in A ~¢. This 

implies tha t  A x = A~=N. If  N _ A s ,  then A ~f = A s and the theorem is true. 

Consequently we shall assume tha t  N M A s = 1, and hence (I)(A) M A 7 = 1. 

Recall tha t  A/O(A) is an extension of a p-group by a q-group for some primes 

p and q. Since this class is a sa tura ted  formation,  we have tha t  A is also an 

extension of a p-group by a q-group. But  P is the unique Sylow p-subgroup 

of A, and thus it is clear tha t  A / P  is nilpotent. Hence A N is a p-group, and 

consequently N is a p-group, too. 

Let us have a look now at the s tructure of the 9t'-group A/A s. Given a sub- 

group H of A, denote by /~ the corresponding subgroup H A Y / A  s of A/A ~:. 

Applying Theorem 2, we have tha t  the class ~- is locally defined by a format ion 

function f given by f(r) = S~(~) if r • char ~', and f(s) = 0 if s • 7r. Now note 

tha t  N = N A S  /A s is a minimal normal  subgroup of fi~ = A/A J:. Therefore, 

where r • ~(]N]) = {p}. Tha t  is, 

A/c (2) • s.(p). 

We can conclude tha t  

A/CA(N) ~- (A/AS) / (CA(N)/A 7) = ft/CT~(N) C S,(,). 

If  q E lr(p), then A C f (p) ,  which is impossible since A is ~--critical. 

Consequently q ~ 7r(p) and we have tha t  A/CA(N) is a p-group (recall tha t  

A is a {p, q}-group) and in consequence CA (N) contains some Sylow q-subgroup 

of A. Hence can write A = PCA(N). Hence N is in fact a minimal normal  

subgroup of P .  

On  one hand, it follows from the previous fact tha t  N is central in P and, since 

A = PCA(N), N must  be contained in the center of A. This implies tha t  N is a 

central  chief factor of A. 
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On the other hand, recall that  A/q~(A) is an S'-critical group with trivial 

Prattini subgroup. Since qS(A) ;? A J: = 1 and AJ:C2(A)/~(A) = (A/ee(A)) 7, it 

follows by Lemma 2 that  A :r is abelian. But the equality A H = A J: x N yields 

that  A X is abelian as well and so A X is complemented in A by a Carter subgroup 

of A ([4; IV, 5.18]). We can conclude that  there exists a Carter  subgroup C of 

A such that  A = AXC with A ~ ' N C  = 1. Now N is central in A. Hence 

N <_ No(C) = C. Consequently N <_ A X N C = 1, a contradiction. I 

THEOREM C: Let S- be a subgroup-closed saturated formation of soluble 

groups containing the class AI of niIpotent groups. The following statements are 

equivalent: 

1. Every soluble group in Crits(s-)  is a Sehmidt group. 

2. G ~: = (ACe: A <_ G; A C B~:) for every group G. 

Proof: Let us firstly assume that  Cri ts(s-)  is contained in Crits(A/).  

Applying Theorem A, we have that  G y = (AJ:: A _< G; A ~ B~:}. But by 

hypotheses every soluble group in Cri ts(s-)  is a Schmidt group, and thus applying 

Theorem B, A s~ = A ar for every subgroup A of G in BT. Consequently G ~- = 

(A~:: A < G; A E g~:) = (AX': A _< G; A E gj:} as we wanted to show. 

Therefore, only the sufficiency of the condition (2) is in doubt. To prove that  

every soluble group in Cri ts  (S-) is a Schmidt group, we shall use the character- 

ization given in Theorem 2. Note that  a soluble group in C r i t s (5 )  cannot be 

a cyclic group of prime order since A / i s  contained in S-. Write S- = LF(F),  

where F denotes the canonical local definition of S- (see [4; IV, 3] for details). 

Moreover, char S- is the set of all primes since Af C_ S-. Consider any prime p. 

We shall be done if we prove that  F(p) = S~(p) n ~c where 7r(p) = char F(p). 

Since S- is subgroup-closed, applying [4; IV, 3.16] we obtain that  F(p) is 

subgroup-closed as well. Since F is integrated, we have that  F(p) C_ S- = S n jr. 

Moreover, if given a prime q there exists any q-element in a group belonging 

to F(p), then a cyclic group of order q belongs to F(p) as well since F(p) is 

subgroup-closed. Therefore q E char F(p) and consequently F(p) is contained in 

S~(p)AS-. Assume that  S~(p)ns- ¢ F(p) and take a group G in (S~(p)ns-) ". F(p) 

of minimal order. 

I t  is clear that  1 ¢ Soc(G) is the unique minimal normal subgroup of G, since 

F(p) is a formation and G is of minimal order. Moreover, Soc(G) cannot be a 

p-group since, being F full, it holds that  F(p) = SpF(p).  Note that,  in fact, 

Op(a) = 1. 
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By [4; B.10.7 and B.10.9], there exists an irreducible and faithful G-module 

V over GF(p),  the finite field of p elements. Consider now the corresponding 

semidirect product X = [V]G. Note that  if X E ~ ,  then X / C x ( V )  E F(p) and 

thus X / V  E F(p). This is impossible since G ~- X / V .  Therefore X ~ 5 v and X 

is in fact an ~-cri t ical  group. 

We are ready at this point to reach our final contradiction. Since X y = 

(AN: A _~ X; A E BT), and X E B3=, we have that  X y = X nr = V. Therefore 

G -~ X / V  = X / X  H is nilpotent, a contradiction. I 
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